In this case the vanishing of the strain rate components ea/j implies also that the deviator components hafj are stationary. Moreover, a limited inverse is also true; that is, the vanishing of eap implies that the strain rate is isotropic.
STEADY SPHEROIDAL VORTICES-MORE EXACT SOLUTIONS TO THE NAVIER-STOKES EQUATION*
By VIVIAN O'BRIEN (Applied Physics Laboratory, The Johns Hopkins University)
Abstract. The vorticity equation, the curl of the Navier-Stokes equation, is considered in ellipsoidal coordinates. The steady spheroidal vortex solutions are demonstrated as examples of a class of exact flow solutions characterized by a simple linear vorticity distribution.
Introduction. The Navier-Stokes equation expresses the conservation of momentum in a form suitable for continuum fluid mechanics. For incompressible fluid flow the system of the continuity equation plus the Navier-Stokes equation has a solution that is completely determined, in principle. However, solutions that satisfy the equations exactly are rare due to the non-linear convective term. One such solution that should be included in tbe meager list of exact solutions is the Hill-Hadamard spherical vortex.
The spherical vortex is an example of a class of steady axi-symmetric flow solutions consisting of a rotational part where the vorticity is proportional to the distance from the axis and an irrotational part. Other examples of this class will be given, in particular, the steady oblate spheroidal vortices which appear to be physically significant.
Hill-Hadamard spherical vortex. Hill [1] showed in 1894 that the stream function = sin2 6(Ar2 + Br*) 
where (z, ra, <f) is the cylindrical polar coordinate system. The relation to the spherical polar coordinate system (r, 6, $) is given by x = r cos 6,w = r sin 6. Hill's solution takes f(\p) as a constant = -105.
Hadamard [3] (and Rybczynsky [4] ) in 1911, while discussing the viscous motion of a fluid sphere within another fluid, used the same stream function (1). Stokes [5] had given Thus it has been known for a long time that this stream function (1) independently satisfies a condition derived from the Navier-Stokes equation under the assumption of purely inviscid flow (2) and the condition derived for purely viscous flow (4) . It follows, though never previously shown to the author's knowledge, that the same stream function satisfies the complete Navier-Stokes equation. Therefore, it is an exact solution.
The velocity field follows from the derivatives of q = uix + ris where = I a.
The pressure field is found by integration of the momentum equation written in the "vorticity form"
-q X co = -v(® + Q + | q-q) -fV X o> (5) with the vorticity vector u = V X q = = (l/roDt/-)^ . Whence -+ n + i o2 = 10J5{ A®2 + Bts2(x2 + ra2) -2vx\ P 2 = lOB{(Ar2 + Br) sin2 6 -2vr cos 6).
For a spherical vortex ^ = 0 at r = a. This requires A = -Ba. The Hill-Hadamard spherical vortex is one of the class of flow solutions consisting of a rotational part where the vorticity co is proportional to ts and an irrotational part. Spherical vortices have been demonstrated in real fluids by Spells [6] and Savic [7] .
Poiseuille flow. A more familiar example of this class of exact flow solutions with a linear vorticity distribution is the well-known Poiseuille flow. This is often quoted as an exact solution, but the vorticity distribution receives little attention. Its stream function can be written (a = pipe radius)
This can be rewritten into a rotational part and an irrotational part as The irrotational part is given in terms of the Gegenbauer polynomials C~1/2(cos 6) after Savic [7] rather than the more usual Legendre polynomial form for reasons that will become apparent in the next section. The validity of this solution for real fluids in laminar flow is well-established. Exact solution in oblate ellipsoidal coordinates. It will be demonstrated that the steady spheroidal vortex is another example of the same class of exact flow solutions. 
The irrotational part , where u --Dipi = 0 w represents a trivial solution to (10) but it is convenient to discuss this first.
Assume \pi = f(y)g(0) and Dip! = 0 is separable for n(n -1) > 0 into the pair of ordinary differential equations f"(ri) -tanh 77/^77) -n(n -1)/(tj) = 0; g"{0) -cot 0g'(0) + n(n -1 )g(fi) = 0.
By applying the transformation i sinh 77 = z to the former and cos 0 = z to the latter, both equations reduce to a Gegenbauer differential equation (see Magnus and Ober- hettinger [9] , p. 76)
(1 -z2)P"(z) + n(n -1 )P(z) = 0.
A solution for this is P = C~1/2(z), the Gegenbauer polynomial of order n and degree ( -3). The n -0, 1 terms have been dropped because they lead to velocity singularities along the axis. The Gegenbauer functions of the second kind which also satisfy Eq. (12) lead to infinite velocities as -> v/2 or tj -> 0 and thus do not appear as part of the physical flow solution. However, the Gegenbauer functions of the second kind with arguments a function of ?? would be important for other flow problems than the type considered here.
Consider now a rotational part -B sin2 /3 cosh2 ■q (cos2 /3 -sinh2 97).
This makes both the inviscid part of the vorticity equation and the viscous part identically zero, ww = Dip2 can be transformed by cos /3 = n, i sinh ij -z into The inviscid part of the vorticity equation (10) 
where \p = 0 on the oblate ellipsoid a;2 (sinh2 ij0)~l + rs2 (cosh2 -Qo)'1 -1.
An example is shown in Fig. 1 for an ellipsoid with fineness ratio = tanh j?0 = .5(jjo = 0.55).
The velocity components parallel and normal to the axis are u = -2C (cosh2 rjo -2w2 -x coth2 ri0), v = -2C(xvs coth2 )j0).
In the axial plane, x = 0, note a circle of zero velocity. This center of circulation occurs at the same fixed ratio of the semi-major radius, (2) In analogy to the oblate cases, the center of circulation is at the same fixed ratio, (2)"I/2, of the midsection radius for all £0 • Conclusion. It is not known whether there are other members of this class of flow solutions. The second order Laplacian equation that governs "perfect" fluid flow is separable in just eleven coordinate systems. The fourth order purely viscous vorticity equation (4) is not even separable in the two coordinate systems considered here (oblate ellipsoidal and prolate ellipsoidal). Assume, by use of another coordinate system, a new solution to this linear equation is found. If it has vorticity proportional to the axial distance, w, it will be another exact solution.
